Introduction to Coding Theory IST-UL, 2025/2026

Week 11: Codes from graphs

Lecturer: Jodao Ribeiro

Introduction

In previous lectures we have seen how to construct asymptotically good families of binary linear codes
with efficient encoding and decoding procedures via code concatenation. Although the decoding
procedure of these concatenated codes runs in polynomial time, it is not super fast. Ideally, we
would like to have decoding algorithms that lend themselves to extremely efficient implementations.
In these notes we study an alternative combinatorial approach towards constructing binary linear
codes. More precisely, we will use graphs with certain “expansion” properties to obtain binary
linear codes with decent dimension and distance. An advantage of these codes is that they have an
extremely simple decoding algorithm that is fast and highly parallelizable.

Recommended reading: Essential Coding Theory, Chapter 11, these lecture notes by Anup Rao
(lech, lec6), and these lecture notes from John Wright’s course.

1 Graphs and linear codes

Every binary linear code hides a bipartite graph. A bipartite graph is a graph G whose vertex set
can be split into a left vertex set L and a right vertex set R such that all edges in the edge set E of
G have an endpoint in L and an endpoint in R. We write G = (L, R, E'), and can represent G by a
binary |R| x |L| “adjacency matrix” Ag such that (Ag);; = 1 if and only if the left vertex ¢ and
the right vertex j are adjacent in G.

Let C be an [n, k, d]o-code and let H € FSX" be the parity-check matrix of C. Then, we may see C as
the bipartite graph GG whose adjacency matrix is Ag = H. Sometimes G¢ is called the factor graph
of C. Of course, this correspondence goes both ways. Given a bipartite graph G we can obtain a
linear code C by taking its parity-check matrix to be H = Ag. In other words, if v is a right vertex
of G and its neighborhood (i.e., the set of left vertices adjacent to v) is {i1,..., 4}, then codewords
c of the corresponding code satisfy the linear constraint

L

Zcij =0 (mod 2).

J=1


https://homes.cs.washington.edu/~anuprao/pubs/codingtheory/lecture5.pdf
https://homes.cs.washington.edu/~anuprao/pubs/codingtheory/lecture6.pdf
https://people.eecs.berkeley.edu/~jswright/quantumcodingtheory24/scribe%20notes/lecture17.pdf

2 Expander graphs

In these notes we will leverage the correspondence between binary linear codes and bipartite graphs
by considering codes induced by a special class of graphs, called expander graphs.

There is more than one notion of graph expansion. We start by defining vertex expanders. For a
vertex v in G, we denote its neighborhood by N(v). More generally, for a set of vertices S in G, we
denote its neighborhood (the set of vertices adjacent to some vertex in S) by N(S). We begin by
giving an informal description of vertex expansion.

Suppose that the bipartite graph G = (L, R, E) has the property that every left vertex has degree
D. We call such graphs D-left regular. Then, for every subset S C L, it is clear that

IN(S)| < D-S].

Informally, G is a good bipartite vertex expander if for every not-too-large subset S C L the size of
its neighborhood N (S) is not much smaller than the maximum, D - |S|. More precisely, we have the
following definition.

Definition 1 (Bipartite vertex expander) We say that a bipartite graph G = (L, R, E) is an
(n,h, D,~, a)-vertex expander if G is D-left reqular with |L| = n, |R| = h, and every subset S C L
of size |S| < yn satisfies

IN(S)| = afS].

We begin by discussing some basic properties of vertex expanders. First, note that if |R| > |L|, then
it is easy to construct a bipartite vertex expander with great parameters. The challenge, then, is
to construct good vertex expanders with |R| < |L| and small left degree D (so, these graphs are
fairly “sparse”). This is also the setting of interest for the connection to binary linear codes, since
|R| controls the number of linear constraints, and hence the codimension of the resulting binary
linear code (we want codes with “low” codimension h = n — k).

We can also obtain some basic bounds on v and «. Since |[N(S)| < D - |S| for all S, it follows that
a < D. Furthermore, since |[N(S)| < |R|, we must have ay|L| < |R|, and so v < 1Bl A

ofL] = an’

3 Expander codes

An expander code is simply a code constructed by taking its parity-check matrix H to be the
adjacency matrix of an appropriate expander graph. A useful property of these codes is that if the
graph is sparse (in the sense that there are few edges), then the resulting parity-check matrix is also
a sparse matrix. These codes were first introduced by Sipser and Spielman [SS96].

We now analyze the properties of expander codes obtained from sufficiently strong vertex expanders.



3.1 Linearity, dimension, and distance

Let G = (L, R, E) be an (n, h, D,~, a)-vertex expander. It is clear from construction that the code
C we obtain by setting its parity-check matrix H = Ag is a binary linear code of block length n.
The following result states bounds on the dimension and distance of C in terms of the parameters of

G.

Theorem 1 The code C is a linear code of block length n and dimension at least n— h. Furthermore,
if « > D/2, then C has minimum distance at least 1 + yn.

Proof: The claim about the dimension is easy to see, since C = {c: Hc = 0} and H has h rows.

We now analyze the minimum distance of C. Since C is linear, it suffices to show that every nonzero
codeword in ¢ has Hamming weight at least 1 4+ yn when o > D/2. For the sake of a contradiction,
supppose that there is a nonzero codeword ¢ € C such that wg(c) < yn. Let S C L be the subset of
left vertices corresponding to the support of ¢, i.e., the coordinates j such that ¢; = 1. Then, since
G is an (n,h, D,~, a)-vertex expander, we know that

1
IN(S)| = alS] > SDIs|.

Now, we will show that this implies that S actually has at least one unique neighbor. We say that a
vertex ¢ € R is a unique neighbor of S if ¢ is adjacent to exactly one vertex in S. The reason why
this notion is useful is that the existence of a unique neighbor ¢ for .S is equivalent to the existence
of a row H; such that H; - ¢ = 1. In turn, this implies that Hc # 0, and so ¢ & C.

So, all that remains is to show that there exists a unique neighbor of S. We prove the following
more general claim that will also be useful later on.

Claim 1 Let U(S) denote the set of unique neighbors of S. Then,
2a
> — —1])D|S|
vs)= (5 -1) Disi

Proof: To lower bound U(S) we count the D - |S| edges emanating from S from the perspective
of the right vertex set. Note that every i € U(S) contributes one edge to D - |S]|, while every
i€ N(S)\U(S) contributes at least two edges. Therefore,

D -S| = [US)+2(IN(S) = [U(S)]) = [U(S)] + 2 (af S| = [U(S)])-

We can equivalently write this as

In particular, Claim 1 implies that if & > D/2, then |U(S)| > 0, and so there exists a unique
neighbor of S. This concludes the proof. [ |



3.2 Decoding

A great feature of expander codes is that they have a very simple decoding algorithm that can be
implemented in a highly efficient manner in practice. Suppose that y is obtained by introducing at
most yn /2 errors in a codeword ¢ € C. Then, the decoding algorithm proceeds as follows on input y:

While there is a left vertex j such that the majority of its neighbors (i.e., parity checks)
are not satisfied, flip y;.

The following theorem states that this decoding algorithm succeeds whenever the underlying graph
has strong vertex expansion.

Theorem 2 If o > 3D/4, then this algorithm returns c.

Proof: The algorithm receives as input y = ¢ + e with e € {0, 1}" satisfying wg(e) < yn/2. We
proceed by iteratively flipping bits of y — for the sake of simplicity, we always refer to the (updated)
string by y. Note that flipping bits in y may actually increase the number of errors in y. We will
show that:

1. While there are at most yn errors in y, the algorithm finds a coordinate of y to flip. Note
that this is satisfied in the initial iteration of the algorithm. Furthermore, in every iteration
the overall number of unsatisfied parity checks strictly decreases.

2. The number of errors in y never goes above yn. Therefore, the algorithm always finds a
coordinate to flip (if there are still errors).

Combining the above, we conclude that the algorithm will eventually terminate and return a
codeword of C. Furthermore, the returned codeword must be ¢, since C has minimum distance at
least 1 + yn and the number of errors in y never goes above yn.

First, we argue that while there are at most yn errors in y there is always a left vertex such that
the majority of its neighboring parity checks are not satisfied. Let S denote the locations of the
errors in (the current version of) y. Note that S has at most D|S| neighbors, and that |S| < ~yn by
hypothesis. By Claim 1 with o > 3D/4, it follows that |U(S)| > $D|S|. Therefore, more than half
of the neighbors of S are actually unique neighbors of S, and so, by averaging, there must exist a
vertex in S that is adjacent to more than £ unique neighbors of S. This vertex is a valid candidate

2
for being flipped.

Second, we argue that the number of errors in y never grows above yn. At the beginning of the
execution of the algorithm the number of errors is at most yn/2 by hypothesis. Since G is D-left
regular, the number of parity checks unsatisfied by y is thus at most yn/2 - D. By the previous
paragraph there is a candidate coordinate of y to be flipped, and flipping any such candidate strictly
decreases the total number of unsatisfied parity checks. If after some iterations y has at least yn
errors, then the set S of errors has more than yn/2 - D unique neighbors by Claim 1, and hence
there are more than yn/2 - D unsatisfied parity checks, a contradiction. [ |



4 Existence of great vertex expanders

The codes we analyzed above are based on vertex expanders with fairly strong parameters. In
order for these codes to be efficiently encodable and decodable, we would need to have efficient
constructions of such graphs. Worse than that, it is not even clear at first sight whether such graphs
even exist!

It turns out that we do have explicit constructions of sufficiently strong vertex expanders [CRVW02].
However, these are quite complicated and outside the scope of our course. Instead, here we focus
on showing the existence of vertex expanders with sufficiently strong parameters for our previous
analysis.

For the sake of simplicity we focus here on the setting where o = %D > %D. However, the techniques
we present generalize easily.

Theorem 3 Fiz arbitrary v € (0,1). Then, for all sufficiently large n there exist (n,h,D,~v,a =
4Dy vertex expanders with D = O(log(1/)) and h = O(ylog(1/v)n).

Before we prove this theorem we make some observations.

Code parameters. Recall that our goal was to construct asymptotically good codes with fast
decoding. Therefore, we aim for a small constant 7, since this parameter controls the minimum
distance of the code. In this case, we get a right vertex set of size h = (ylog(1/v)n), and so, by
Theorem 1, the rate of the code is at least

1—=h/n=1-0(ylog(1/7)) >0,

provided that 7 is small enough. Note also that vlog(1/7) =~ h(vy) when ~ is small, and so the rate
we achieve is not that far off the asymptotic Hamming bound.

Complexity of encoding/decoding. Assuming we are given the construction of our graph for
free, then the decoding algorithm from Theorem 2 can be made to run in time! O(D - Dg - n), where
Dp, is the maximum degree of a right vertex. From Theorem 3 we get that D is constant (for fixed
7v), and it is also possible to show that Dp is constant too. Therefore, decoding runs in time O(n).

The decoding algorithm we described above is inherently sequential. However, there is an alternative
decoding algorithm that is friendly to parallelization. Namely, in each iteration we find all left
vertices whose majority of neighbors are unsatisfied parity checks, and flip them all simultaneously.
As already shown in the original work of Sipser and Spielman, this procedure converges to the
correct codeword in O(logn) rounds.

Since the code is linear, encoding can be performed naively in time O(n?).

!This claim assumes we are working in a specific computational model, called a “RAM in the uniform cost model”.
The details are not too important.



Proof:[Theorem 3] We use the probabilistic method. Consider sampling a D-left regular bipartite
graph G with n left vertices and h right vertices as follows: for each left vertex v, choose N(v) as a
uniformly random size-D subset of the right vertex set R. With some hindsight, we take

h = 5e2Dyn.
Note that G fails to be an (n, h, D, v, a)-vertex expander only if there exists a set S of left vertices
of size |S| = £ < n such that the D|S| edges coming out of S have many collisions. More precisely,

if at least D/{/5 of these edges point to previously selected right vertices. By a union bound, the
probability that this happens for some fixed set S of size £ is at most

<Z> <Dlzf5> (?)D% < (en/0)" - (5e)P/5 . (125)”/5

_[en- (5e)P/5 . (De)P/5 ¢
B ChD/5

~ (i)

1 14
- (,yD/5(en/£)D/51) :
Take D = 5[1 +1In(4/7v)] = ©(log(1/v)). Then, recalling that ¢ < yn, we get

<7D/5(en1/£)D/51>€ = (VD/5(€/1,V)D/51>£ = (,761)1/51>£ < (1/49)".

Therefore, the probability that G fails to be a vertex expander with the desired parameters is at
most

i(l/zl)f =1/2 < 1.

(=1

5 Tanner codes

We will now see another way of constructing asymptotically good binary linear codes with fast
decoding from graphs that only requires weaker expansion properties of the underlying graph —
making this graph easier to construct explicitly. We will analyze the parameters of these codes and
the weaker notion of expansion required to construct them (spectral expansion), but will not discuss
decoding algorithms.

Given a D-regular bipartite graph G = (L, R, E) with |L| = |R| = N and a base code Cy C FL of
dimension kg and minimum distance dg, define the Tanner code T(G,Cp) as®

T(G,Co) = {c € Fy : eyu) € CoVu € LU R},

2We implicitly assume a pre-specified ordering of the vertices of I and R.



where ¢g denotes the restriction of the vector ¢ to the coordinates in S. In words, the Tanner code
T(G,Cy) corresponds to assignments of values to the edges of G that yield codewords of Cy when
restricted to the neighborhood of any vertex of G.

Linearity and dimension. It is easy to see that T'(G,Cp) is linear whenever Cy is linear. Fur-
thermore, in this case, the dimension of T'(G,Cp) is at least

|E| = 2N(D — ko),

since there are 2N vertices in G and each vertex contributes at most D — kg linear constraints (those
defining Cy on the D edges of the neighborhood of that particular vertex). Therefore, if Cy has rate
Ry, then T'(G,Cp) has rate at least

2N 2
1—-—(D—ky)=1——=(D —ky) =2Ry— 1
] ( 0) o 0) 0o—1,
where we used the fact that |E| = ND. In particular, T(G,Cp) has positive rate whenever Cy has
rate Ry > 1/2.

Minimum distance. Let’s try to first intuitively understand which properties we need from G
to get a good guarantee on the minimum distance of T'(G,Cy) given a linear code Cy with positive
relative distance dg.

In this case T'(G,Cp) is linear, so it suffices to lower bound the Hamming weight of an arbitrary
nonzero codeword c. Since ¢ is nonzero, it assigns value 1 to some edge (u,v) € G. In turn, this
means that cy(,) is nonzero. Since ¢y () € Co, we conclude that there are at least dy edges incident
to u that are set to 1. Each of these edges is incident to some right vertex v;. Since cy(,,) € Co,
this implies that at least dy edges incident to v; are also set to 1. So, there seems to be a sort of
“amplification process” going on here, provided that the edges coming out of the v;’s do not all land
in some small subset of left vertices (and so on). A bit more precisely, this hints that we need to
avoid the existence of small subsets S C L and T C R that only share edges with each other.

Let’s look at what we can expect from a random graph G. For a left subset S and a right subset T,
denote by E(S,T) the set of edges (u,v) of G with u € S and v € T. Then, over a random sampling
of GG, we have

)

N

We will now show formally that if G satisfies |E(S,T)| = D|S| - % for all subsets S and 7', then we
can get a good guarantee on the minimum distance of T'(G, Cp) based on the minimum distance of
Co-

E[|E(S, T[] = DIS|-

Definition 2 (Pseudorandom graph) We say that a D-regular bipartite graph G = (L, R, E)
with |L| = |R| = N is e-pseudorandom if for every S C L and R C R we have

DIs|- 1]
B(5.7)] - 2o < eDy s 11



Theorem 4 Suppose that G is e-pseudorandom. Then, the relative distance of T(G,Cp) is at least

50(60 - E).

In particular, this means that if G is e-pseudorandom for € < gy, then we obtain positive relative
distance too.

Proof:[Theorem 4] Fix a nonzero codeword ¢ € T(G,Cp). Define S = {u € L : cy(,) # 0} and
T ={v € R:cyw # 0}. Note that

[E(S,T)| 2 wr(c) = max (S| - do, |T| - do) = 1/|S| - [T] - do.

We now focus on lower bounding +/|S|-|T|. By the chain of inequalities above and the e-
pseudorandomness of G, we get that

DI|S|-|T
sl -do < 5T ep fis

VISI T = (60 — €)N.

Combining this with the above, we get that

This is equivalent to
wH(c) > (50 - 6)d0N = (50 — 6)50ND

5.1 Spectral expanders and pseudorandomness

We have seen that pseudorandom graphs suffice to get asymptotically good Tanner codes. We now
show how to construct pseudorandom graphs via spectral expanders.

Let G be a D-regular graph with N vertices, and let A be its adjacency matrix. Note that A is an
N x N symmetric matrix. Therefore, A has N real eigenvalues Ay > Ao > --- > )\, and we can
write

N
=1

with u; an eigenvector with eigenvalue A\;. Note that —D < \; < D, since each row of A has exactly
D ones. Furthermore, the unit vector (1/v/N,...,1/v/N) is an eigenvector of A with eigenvalue
D. This means that D-regular graphs always have \; = D. Informally, G is a spectral expander
if its second largest eigenvalue (in absolute value) is small. More formally, we have the following
definition.

Definition 3 (Spectral expander) We say that G is an (N, D, \)-spectral expander if G is a
D-regular graph on N vertices and A = max(Az, |AN]).



Spectral expanders are very important objects. They are also weaker than the vertex expanders
we required for the previous construction. In fact, it is possible to show that, generically, spectral
expanders can only yield vertex expanders with o < 1/2, while our analysis above required o > 1/2.

We now show that a natural way of obtaining a bipartite graph from a spectral expander yields a
pseudorandom graph. More precisely, given a graph G = (V, E)) on N vertices, we define its double
cover as the bipartite graph H = (L, R, E’) with L = R = V and such that if (u,v) € E, then
(u,v), (v,u) € E.

Theorem 5 (Expander mixing lemma) If G = (V, E) is an (N, D, \)-spectral expander, then
its double cover H = (L, R, E') is (\/D)-pseudorandom.

Proof: Fix arbitrary subsets S C L and R C R, and let E(S,T) denote the number of edges
between S and 7" in H. For a set U, write 1y for the binary vector satisfying (1r7); = 1 if and only
ifieU.

Recalling that A = Z ~ 1 Aiugu,; , we have

N
’ (S T)| = 1 AlT = Z)\ 15,uz><ul, 1T> = )\1(15,U1><U1, 1T> + Z)\iﬂs,ui)(ui, 1T>' (1)
=1 =2

Note that

(1s,u1) = (1g,(1/V'N,...,1/V/N)) = \‘/5%

Likewise, (u1,17) = % Combining this with Equation (1) and recalling that \y = D yields
DIS|-|T] &
|E(S,T)| = ’]|\7|| + 3 AilLs, ui)(ui, 17). (2)
=2

Furthermore, we can write 1g and 17 according to the orthonormal basis of eigenvectors of A as

N
15 = Z QU4
i=1
and
N
lp =Y Biu
i=1

for some «;’s and B;’s. Using this notation, we get

Z)\ 15,u2 Uz,lT ZA a;fi

=2
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Therefore,
D|S|-|T
(s - 2] ‘] R

<A Z%’Bi
=2
N N

=PNDIT DI
=2 i=2

< AllLsllz - (1]l
RIRNVAT

The first inequality uses the fact that G is an (N, D, \)-spectral expander. The second inequality
uses Cauchy-Schwarz.

It follows that H is (¢ = A/D)-pseudorandom. ]

Explicit spectral expanders. We know strongly explicit constructions of spectral expanders
with constant degree D and A < 24/D — 1, which is essentially optimal (graphs with this property
are called Ramanugjan). This goes back to works of Lubotzky-Phillips-Sarnak and Margulis in the
late 1980s, but is still an active research area.

6 Further reading

If you are interested in learning more about expander graphs and their applications, see the
excellente survey of Hoory, Linial, and Wigderson [HLWO06]. For more on spectral graph theory and
its applications, see these great lecture notes by Luca Trevisan.
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