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List-Decodability

¢ < [, alinear code Hamming ball

B, ={xel,:wtx) <pnj

o o o o
e o o
° o o ° Call € (p, L)-list-decodable if
® o o o o VzE[FZ,I(z+Bp)nC{§|SL
® o o o o
® o o o

ForanyBC I, z+ B = {z+x:x € B}
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C < [/ alinear code Sp, s S, CFL S| = ¢

e o o e o o Rectangles §; X -+ X §,
o Ij IZI o IZI o
e o o o o
® ® ® VSI""’Sng”:Z’lsil:f’
ol__.-lcljo QDO o Sy X X§5)NC| <L

e o] lo]e ble

Call C (£, L)-list-recoverable if

*Zero-error
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Below Capacity: Small Expectation

Both list-decoding and list-recovery have “capacities”

List-decoding at radius p: List-recovery w/ input list-size ":

R*(p) :=1—h,(p) R*() :=1—1log(7)
These capacities R* are such that,

if C is random linear code (RLC) of rate R* — ¢,

E[1CNB[] <g™™ | will boldface

where B’s either a ball or a rectangle random variables
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Capacity, Abstractly

More generally, consider any subset B C [FZ

Define “capacity” f := 1 — —log | B|
n

Then, if C is RLC of rate /,

q""| B
qn

E(|CNB|]=
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Codes Above Capacity?

Usually, study codes C at rate [/ — &, so
E[|CNB|] =g <« 1, and argue

BN C| <L for many sets B (of same size)
If code has rate /# + &, maybe we could have
I BNC|=(xo()E[|CNB|]=(1%0o(l) g™

(again, for many sets B)?
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Covering Codes

Recall: a code C < [ has covering radius p if

VzeF, |[CNn(z+B)|>1

Prior work [Bli’87,CHLL'97] established that if C is RLC of rate

I —h,(p) +e, Above capacity!

—Q(n)
| C||B,]

it has covering radius p with probability 1 — ¢g

Could hope for: Vz e ), [CN(z+B)| =

qn
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Secret-Sharing Schemes

“secret” Massey's scheme:
shares (S, ...,S,)
‘shares” o correspond to
codewords* in C,
(1, e, 1ypi)-SECTEL Sharing scheme: lee =1 —d(C) + 1,

tpl‘i — d(CJ_) — 1

Recon(s;:1€T) =sif |T| > ¢,

Furthermore, (S;: 1 € T) ~ Unlf([Fm) if |7 <t Lori

*technically from coset of C

Use randomness to sample S.’s
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(Local) Leakage Resilience
Goal: (b, ...,b ) is

“roughly” uniform

Assume each g; balanced, e.qg.,

11y — o=l o~ 4
81 82 En 5i (1) — 5i (O) ~ 9)
b, b, “leakages” b, Putting S; = gi_l(bl-), need to argue
m m m Price§ x---X§,]~27"
{0,1} {0,1} {0,1} c~C

|
CN(S; X XS)]| z—n_[E[|Cn(S1><---><Sn)|]

2
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What is khown?

G\W16]: codes over characteristic 2 fields are not leakage
resilient

Corollary of fact they make very good regenerating codes!

Thus, line of works [IMPSW?21,TX22 KK23,Kas?24 ,Ngu24| studies
leakage-resilience over prime fields

Notable challenge:

Codes of rate < 1/27?
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View C = ker(H)
for uniform H
Given any S C [, wish to show:

Additional Examples

maxE|(z+S)nC| < 0(—)

[ADMPT97,DD23,JKZ25]  zeF" loglogn
where |C || S| = g9

Optimal Polynomial el Xels F2, S, ..., S, € F, with

Intersection (OPI);
Quantum advantage?

[JSW+25,CT25,...,SW26] find one codeword in above set

[{ceC:|{i€n]l:c &S} <pn}| ~ g™
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General “Discrepancy” Problem

General setting: have many “tests” 71 and one “object” x
assume [E[7(x)] = u forall i

Question: Can we guarantee existence of some x such that
Vi, T(x) = u?

Many variants: Spencer’s “Six Standard Deviations Suffice,”
Beck-Fiala Theorem, low-discrepancy sequences (Van
Aardenne-Ehrenfest)

Our case: natural (?) coding-theoretic variant



Our Results
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Theorem 1: Translates

Let B C [ be aset, let ) = l—llogqlBl, and let C be RLC
n
of rate ) + €.

—Q(n)

Then, with probability 1 — g , one has

C||B
VzEF, |CNn(z+B)|=(1£¢%). Bl
qn

Applies to Hamming balls!

Generalizes covering-radius result
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Theorem 2: Pseudorandom Sets

Let B be a family of sets with | 95’ | < qO(”z) where each set B
is “pseudorandom,” let f = | —— logq min{ |B| : B € %},

and let C be RLC of rate f§ + €. Then with prob. 1 — q_Q(”)
| Cl|B]
qn

Applies to Rectangles over prime fields,™”

VBe A, |CnB|=(1£g¢"*").

l.e., list-recovery

“] »(y) decays exponentially in wt(y) **assuming ¢, £ not too big
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Comments

Pseudorandomness can fail for rectangles §; X -+ X §, once
¢ > char(qg) (where each | §;| = ?)

Can use Theorem 2 to handle (approximately) balanced leakage
functions over prime fields for very small rates!

Corollary: Secret-sharing scheme associated to RLC C of

rate € Is whp leakage-resilient against balanced leakages,
assuming ¢ Is not too large

More generally: Theorems work w/ non-negative functions, i.e.,
weighted sets
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Relative Deviation

For set B and linear code C, define relative deviation
Pr..-lc € B] q"-|CNB |

O p o= | =
- PrXNlJC}[X & B] ‘C‘ ‘B‘
Note that | o ;| < 7is equivalent to
[ C||B] | C||B]
(l—7)————<|CnB| < +7)———
q" q"

Goal: if Cis RLC of rate f + €, |6 p | < g~ for all z whp,
where B, :=z+ b
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lterative RLC Construction

Sample i.i.d. uniformu,, ..., u, for k = (f + €)n, and define

Our goal: understand evolution of 0¢ p as I increases
177 %

Remark: Procedure considered for list-decoding

GHSZ02,LW20] and linear hashing |JKZ25,Bsh26],
but only over binary field

Blinovsky’87] analyzed procedure for covering radius
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Initial Relative Deviation %=~

Given 7 € [Fq, we have

n

q
= | B

-1 0e€eB, < z€B

— 1 otherwise

Hope: histogram is “smoothed”

0(0},B.

as dimensions are added

Decrease these values Increase these values
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q"-|CNB]

Expected Behaviour =5

Fix some code C < [:Z, letu ~ Unif([:Z), and consider

C'=C+(u)=| J(C+iu

/Ie[Fq

A = 0 translate: the “old” deviation

A # 0 translates: behave “randomly”, so expected deviation = ()

Since dimension increases by one:

| %)
— [5C’,B] — Z - [5C+/1u,B] = = -
9 r€l, 9
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Iterating: get expectation

So, ideally: with every dimension, deviation divided by ¢

E |0
—> max [E [éck 5| = max | T BZ]
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Iterating: get expectation

So, ideally: with every dimension, deviation divided by ¢

E|o
—> max [E[éCk,B] = maxM
zelr, ¢ z€F, q
—...—maxM —i( qn _1)
el ¢¢ gF\|B

UGN (/R IR U SICR/ARN |\ st need “most” steps good;

(1 — &/2) fraction, say
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With high probability?

Call step i good for 7 if conditionon C;_,

]
6c.5.] < (++4) 8¢, 5]
Via 2nd moment method: can bound

P[|5C,-,BZ| < (é"‘/l) |5C-_1,BZ|] < g,

l

and therefore, whp, |5Ck,BZ| < q—ﬂ(en)



Problem: union bound...



Problem: union bound...

S0, wWe can argue:

Vz e FL P[|6¢,p | > q ] < g~



Problem: union bound...

S0, we can argue:
—Q —Q
Vz E [FZ, P [ | 5Ck»BZ| > [ (8n)] <gq (en)

However, this iIs too weak for union bound!



Problem: union bound...

S0, we can argue:
—Q —Q
Vz E U:Z, P[léCk,le > ( (8n)] <gq (en)
However, this iIs too weak for union bound!

PlIz e F)st |6c 5| > g™ <q" g



Problem: union bound...

S0, we can argue:
—Q —Q
Vz E U:Z, P[léCk,le > ( (8n)] <gq (en)
However, this iIs too weak for union bound!

PlIz e F)st |6c 5| > g™ <q" g

Goal: for step i, find one event &, such that



Problem: union bound...

S0, we can argue:
—Q —Q
Vz E [F’;, P[léck,le > [ (8n)] <gq (en)
However, this iIs too weak for union bound!

PlIz e F)st |6c 5| > g™ <q" g

Goal: for step i, find one event & such that




Problem: union bound...

S0, we can argue:
—Q —Q
VzeF, P[léck,BJ > gXen)] < g
However, this iIs too weak for union bound!

PlIz e F)st |6c 5| > g™ <q" g

Goal: for step i, find one event & such that

P[—l?i] < q—Q(en) P[HZ S.1. |5Ci9Bz‘ > (é_l_/l) ‘5Ci—1aBz| A f‘gl] < q—Q(en)
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Plx,y € C'] = I

Variance of 6 5?
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Variance of 6 5?

Fix C < 7, let u ~ Unif(FF)) and put C":= C + (u)

Via direct calculation: Vz € [:’;, get bound

Var(3c ) = ). (Plx,y € C1-P[x € C1- Py € C)

YEB.
- Independent
S S 5C,BZ—BZ = OCB—B of 7!

Above, B, — B, = {x —x": x,x" € B_}, viewed as multiset. Note:

B.—B,=(Z+B)—(z+B)=B-1B
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Work with B — B!

Using the same sort of analysis, can also show for B — B that

1 —Q(en
Pl1oc g-pl > (;""1) 8¢ p_pl] < g7

Thus, we can show that whp, the construction sequence

Co=10},C,,...,C, is smooth for B — B: F‘ﬁ_ I——log, | B

Vi=1,... k, |5Ci,B—B|SFqﬂnl
Think
N — qQ(en)



Smoothness for each B.?



Smoothness for each B,?

Our hope is now to argue that, when 5 — B is smooth, also B,
IS smooth:

Vi:(),l,...,k, |5Ci9Bz| SAqﬁn_l



Smoothness for each B,?

Our hope is now to argue that, when B — B is smooth, also b,
IS smooth:

Vi=0,1,....k |6cp|<Ag"



Smoothness for each B,?

Our hope is now to argue that, when 5 — B is smooth, also B,
IS smooth:



Smoothness for each B.?

Our hope is now to argue that, when 5 — B is smooth, also B,
IS smooth:

Can then afford union bound over 7 & [FZ!



Smoothness for each B,?

Our hope is now to argue that, when 5 — B is smooth, also B,
IS smooth:




Smoothness for each B,?
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Smoothness Transfer Lemma

Claim*: for any z € [,
PLB — B smooth and B, not smooth]| < q‘Q(”z)

ldea: Call step i bad if (a |5C B. | > (é+/1) |5Ci—laBz| and

b) |6¢_ g | “large” Numerator: small
o since B — B smooth
5Cl—1’B —b —Q(en)
P [step ibad AB— B smooth] <gqg
/12 * 5C- B

Denominator: use

second condition
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Smoothness Transfer Lemma

Claim*: for any z € [,

PLB — B smooth and B, not smooth]| < q‘Q(”z)

Idea (con’t): For B, to not be smooth, need £2(en) bad steps

Thus,

—Q(en))Q(en) —Q(eznz) .

Plenough bad steps]| < (g = g
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Bound with B — B

Var(éci’ Bz) < 5Ci—19 B_R

B — B likely smooth

Oc, 5 S g




Bound with B — B

Var(éCsz) < 5Ci_1’B_ B

Transf th
B — B likely smooth ransfer Smoothness

S < pn—i P[B — B smooth but 37 s.t.
2
C.B-B ~ 4 B, not smooth] < g" - g )




A Word About Theorem 2



Theorem 2: Pseudorandom Sets

Let B be a family of sets with | 95’ | < qO(”z) where each set B
is “pseudorandom,” let f = | —— logq min{ |B| : B € %},

and let C be RLC of rate f§ + €. Then with prob. 1 — q_Q(”)
| Cl|B]
qn

Applies to Rectangles over prime fields,™”

VBe A, |CnB|=(1£g¢"*").

l.e., list-recovery

“] »(y) decays exponentially in wt(y) **assuming ¢, £ not too big
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0

0
1/ f()/' B3 — by3 =
/O

1

/
1
]




B — B = more uniform

0

0
1/ ‘P()/' By — B3 =
/() 1000,000,000,000,
001,010,100,
011,101,110}

1

/1
1
|1




B — B = more uniform

0

A ]

D3 — DBy = |
/O {000.,000,000,000. / /

001,010,100, 4 1
011,101,110}

1

/
1
]




B — B = more uniform

0

/ / ) 1/ i/
1 0 Bz — B3 = 1
/O {000.000,000,000, / /

001,010,100, 4 1
011,101,110} |

1

P
11 . I




B — B = more uniform

B,; = {000,001,010,100) | 0
0

A 1
1 0 B3 — Dy = ,
/O {000.,000,000,000, / |V

001,010,100, 4 1

Ty

1

Ve
]
111
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New Challenge

No longer case that VB, B’ € 9,

B—B=B—PB’
Cannot bound 0g_z . for each B € 9B & union-bound...
- a < 1
q" -
Observation: if B a-concentrated (i.e., B 1,(y) < o VtO)

n — 2_
Vy € ), then B — B a"-concentrated nearly flat!

Thus: B9 := B+ B---+B—B— .- —Bis azd—concentrated

M—-B/-__J M—d\,-__J
2% times 2% times
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Smoothness Transfer: at Depth

f each C. has roughly the correct dual weight distribution, every
B9 is smooth for Co, Cy, ..., C,, with d (large) constant

One event

BY = B smooth

implies all B (d) ’
are smooth! . except

w/ prob q_Q(”z)

B D smooth Ebatas

w/ prob q_Q(”z)

_Jexcept

w/ prob q_Q(”z)

B smooth



Smoothness Transfer: at Depth

f each C. has roughly the correct dual weight distribution, every
B9 is smooth for Co, Cy, ..., C,, with d (large) constant

One event BY) = B smooth VB € %, B
implies all B@ J smooth w/prob.
except —O(n?
are smooth! " prob g~ 1 —gq (n)

B D smooth Ebatas

w/ prob q_Q(”z)

_Jexcept

w/ prob q_Q(”z)

B smooth



Smoothness Transfer: at Depth

f each C. has roughly the correct dual weight distribution, every
B9 is smooth for Co, C,..., Ck, with d (large) constant

One event B"Y) = B smooth VB e %, B
implies all B@ J smooth w/prob.
are smooth! .= pre:s(;p—tﬂm% | — g8

B@d-1 ¢mooth )excep_tg( i Can union over

wprob g Be RBit
B(d) smooth _JGXCeth( > |% | S q0(n2)

w/ prob g
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Our Results

Let & be collection of sets, [ = | —— log, min |B|, Can RLC
t BEA

of rate / + €. Have |0c | < g ~**¢" whp in two cases:

2
B={z+B:z€lF)} |9§|Sq0(n);everyB
1 “pseudorandom”

List-decoding; generalize List-recovery (over [-),
covering radius & leakage-resilience!
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Open Problems

Larger fields? E.g., for leakage-resilience need g < nlh>

» For MDS codes, need g > exp(n)
* (Minor point: remove balancedness assumption)

 Note: this restrlctlon only applies to Theorem 2 (at least

need | A | < qO(” )- also field size bound arises when using
the pseudorandomness condition)

Rate / + O(1/n)? Setting of interest for linear hashing

» We require constant € > 0 gap
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Poissonness of Weight Distribution?
Let C be RLC of rate 1 — /1, (p) + 7, and consider RV

X,=1CNS,|,
where 5, 1= {x € |, : wt(x) = pnj.
General belief: should have X, ~ Poisson(g’")

assumed in code-based cryptanalysis, e.g., [MT1'23]

Above could hold for both y > 0O and y < 0
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Open Problem: Codes Below Capacity?

E.g., when £, g = O(1), what is list-size for RLC of rate
I —log (¢) — &?

Cq.t
. [DMRR25]: < ——, with ¢, , & ¢?“1°29. What is
- ,
dependence on £? For “plain” random codes, Cpt = O(7F)

. [LS'25]: when g > £V¢, need L > #**®'® for linear codes,
and this is sufficient [BCD/’26]

More generally: disjointed landscape for list-decodability of
RLC’s; is there one unified proof?



Above Capacity

R(C) = 1-—log,| B| + ¢, so

E[|CNB|]=qg™

Strate
9y Main Proof Idea

Flatten this as
basis vectors Transfer smoothness from

added B—BtoB




Above Capacity

R(C) = 1—%10gq|B| + €, SO

E[lCﬂBl] — qgn
Thank you!

Strate Questions?
e Main Proof Ildea

Flatten this as
basis vectors Transfer smoothness from

added b—bBbtob




