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Naively:     0 ≤ C(d) ≤ 1 − d

1960’s: Some non-trivial lower bounds on  (Gallager, Zigangirov).C(d)

Revived in the early 2000’s:
• Improved lower bounds via input distributions with memory + better decoders; 

[Diggavi-Grossglauser, Drinea-Mitzenmacher, Drinea-Kirsch, Kanoria-Montanari, Venkataramanan-Tatikonda-
Ramchandran]

• Non-trivial upper bounds. 
[Diggavi-Mitzenmacher-Pfister, Fertonani-Duman, Kalai-Mitzenmacher-Sudan, Kanoria-Montanari, Rahmati-
Duman, Cheraghchi, Rubinstein-Con]
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The high-level idea behind capacity upper bounds

The first example: Reveal locations of runs that were completely deleted. 
[Diggavi-Mitzenmacher-Pfister 2007]

Carefully add side information to the channel so that it becomes a DMC.

 channel output becomes memoryless across input runs.⟹

 can upper bound  by upper bounding capacity per unit cost of the DMC
⟹ C(d)
ℓ ∈ ℕ ↦ 𝖡𝗂𝗇(ℓ,1 − d)

0 0 1 1 1 0 1 0 0 x 1 1 x 1 0 0



The approach behind the best capacity upper bounds



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

x



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

x
 bitsL  bitsL ⋯  bitsL



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)

y
genie-aided deletion channel

V
side infodeletion channel output



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)

y
genie-aided deletion channel

V
side infodeletion channel output

For all ,    .L ≥ 1 C(d) ≤
1
L

sup
XL

I(XL; YL)



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

For all ,    .L ≥ 1 C(d) ≤
1
L

sup
XL

I(XL; YL)

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)

y
genie-aided deletion channel

V
side infodeletion channel output



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

For all ,    .L ≥ 1 C(d) ≤
1
L

sup
XL

I(XL; YL)

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)

y
genie-aided deletion channel

V
side infodeletion channel output

X1



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

For all ,    .L ≥ 1 C(d) ≤
1
L

sup
XL

I(XL; YL)

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)

y
genie-aided deletion channel

V
side infodeletion channel output

X1

Y1 = X1 with prob. 1 − d



The approach behind the best capacity upper bounds
Fix an integer .L ≥ 1

For all ,    .L ≥ 1 C(d) ≤
1
L

sup
XL

I(XL; YL)

x
 bitsL  bitsL ⋯  bitsL

 nr. bits deleted in -th block
Vi = i

V = (V1, V2, …, Vn/L)

y
genie-aided deletion channel

V
side infodeletion channel output

X1

Y1 = X1 with prob. 1 − d

Y1 = ϵ with prob. d
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So the Blahut-Arimoto algorithm will require time and space exponential in …L
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Computed all ’s for  and some 
’s up to .

CL,k L = 17
CL,k L = 22

Computed all ’s for  and some
’s up to .

CL,k L = 22
CL,k L = 28

Prior work:
Improved BAA implementation via time-memory 
tradeoffs for computing channel transition probabilities
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Starting with any input distribution , iteratively repeat the following steps: PX

1. Compute channel output distribution:

for each , compute y ∈ {0,1}k PY(y) = ∑
x

PX(x) ⋅ PY|X(y |x)

2. Refine input distribution:

for each , compute x ∈ {0,1}L W(x) ∝ ∏
y (

PX(x)PY|X(y)
PY(y) )

PY|X(y|x)

3. Repeat with  in place of  until “error” is small enough.W PX
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• Refine input distribution: 

for each , compute x ∈ {0,1}L W(x) ∝ ∏
y (

PX(x)PY|X(y)
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These steps fit nicely into GPUs!

Open-source implementation available (see paper)
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Some care is needed

• Each thread enumerates over subset  of (indices of) supersequences of some  ;Ai yj

• Threads have constrained memory, so can’t rely on large look-up table;

• Ai = {i, i + 1024,i + 2 ⋅ 1024,…}
• Enumerate supersequences via dynamic programming;
• Exploit basic symmetries of the deletion channel to save a bit of time & space (not new).
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The asymptotics of the deletion channel capacity

Our results imply that .c⋆ ≤ 0.3578

Natural starting point for understanding the capacity.

When , we know that .  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What’s next?
• How far are we from the true capacity?

• E.g., we get ;C(1/2) ≤ 0.1896
• Best simulation-based lower bound is , via 3rd-order Markov chains. 

[Castiglione-Kavčić 2015] 
C(1/2) ≥ 0.1145

• How far can we push this approach? 

• Our improvements don’t exploit much of the structure of the deletion channel:
• A better choice of the initial input distribution could save heavily on the number of 

iterations;
• This motivates understanding the structure of capacity-achieving distributions for 

exact deletion channels.
• On the other hand, our parallel implementation can be applied more broadly. Where else 

could it be useful? Maybe you know. :)
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Wrapping up

• Understanding the capacity of the deletion channel is a major research direction;
• Capacity of deletion channel is upper bounded by capacity of any “fixed input length” 

deletion channel;
• In principle, can use Blahut-Arimoto to approximate these fixed-input-length capacities;

• But Blahut-Arimoto time/space complexity is exponential in input length ;L
• We exploit simple properties of Blahut-Arimoto to parallelize it and fit it into GPUs;
• We use this parallelized version to approximate these fixed-input-length capacities for 

larger ;L
• We get improved upper bounds on the capacity of the deletion channel.

Thanks!


